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Recently, there has been huge interest to a new numeric set, which brings together three numerical systems:
complex, hyperbolic and dual numbers, called as hybrid number. Motivated and based on the importance of this
system, we apply the definition of hybrid numbers to Perrin numbers and introduce Perrin hybrid numbers and
examine some properties of them. In other words, we obtain their some properties such as Binet-like-formula,
partial sums, generating functions, etc. Also we investigate some similar properties with Padovan hybrid

sequence. Finally, we give a source Maple 13 code.

1. Introduction

Hybrid numbers are systems of numbers that consists of all three
number systems (complex, dual and hyperbolic) together. Since they
have this property, they have numerous applications in many areas such
as linear algebraic, kinematic, physical applications, etc. Moreover,
especially in the last years, a lot of researchers deal with the geometric
and physical applications of complex, hyperbolic and dual numbers
which are well known two dimensional number systems. For example,
Ozdemir [1] introduced the hybrid numbers as a generalization of
complex, hyperbolic and dual numbers. The hyperbolic and dual
numbers have the same structure with complex numbers. But the hy-
perbolic unit satisfies h? = 1, and dual unit satisfies €2 = 0. The hybrid
number is defined as

Z =a+ bi+ ce + dh,
where a,b,c € R and i, ¢, h are operators such that
2=—-1, ¢ =0, >*=1ih=—hi= e+i.

At this content, the author has also given some important properties
such as basic operations, norm and classification, representations (matrix
and polar form) of hybrid numbers, etc. The author exploits the (Table 1)
for the basic multiplication operation:

The conjugate of hybrid number Z is defined as below:

Z=a+bi+ce+dh=a—bi—ce —dh.
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The real number C(Z) = ZZ = ZZ = a®> + b® — 2bc — d? is called the
character of the hybrid number Z.

There are many studies in the literature that concern the special
number sequences such as Fibonacci, Lucas, Pell, Jacobsthal, Padovan,
Perrin, and etc. The authors, in [2, 3, 4, 5, 6, 7, 8, 9, 10], get some
spectacular properties for some well-known number sequences such as
Lucas, Pell, Fibonacci, Padovan etc. In [3], k— Fibonacci and k— Lucas
numbers are derived and proved by using some special matrices. In [6],
some properties of (k,h) — Pell sequence and (k,h) — Pell-Lucas sequence
are examined. Furthermore, some formulas for nth term and sum of the
first n terms of these sequences are calculated. In [7], special circulant
matrices with (k, h) — Jacobsthal and Jacobsthal-like sequence are rep-
resented. Also, eigenvalues and determinants of circulant matrices
involving these sequences are obtained. In [8], matrices formula is given
for Padovan and Perrin sequences. In [9], by taking into account matrix
properties of new matrix sequences, some behaviours of Padovan and
Perrin numbers are investigated. Moreover, some important correspon-
dences between Padovan and Perrin matrix sequences are denoted. In
[10], many significant properties of Hessenberg matrices and Pell, Perrin
numbers are studied.

Recently, the mentioned number sequences have been combined with
hybrid numbers. The authors, in [11, 12, 13, 14, 15, 16, 17, 18], defined
some special types of the hybrid numbers and obtain their some spec-
tacular properties.

The Padovan sequence, is the sequence of integers denoted by Py, is
defined by the recursion relation, forall n> 3:
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Table 1. The hybrid numbers multiplication.

. i e h

i -1 1-h e+i
3 h+1 0 — 3
h =@ 1l 3 1
Py=P; 5+Py3

with initial values Py = P; = Py = 1. The first values of P,, are:
1, 1,1, 2, 2, 3, 4,5, 7,9, 12, 16, 21, 28, 37, 49, 65, ...

The Perrin sequence, denoted by R,, is defined by the recursion
relation, with initial values Ro =3, R; =0, R, =2, forall n> 3,

Rn = Rn—Z + Rn—S-

The first values of R, are given below:

3,0, 2 3,2 5,5, 710,12, 17, 22, 29, 39, 51, 68, 90, 139, ..

From [2, 5, 8] and [9], we can give some well-known identities for
Padovan sequence (P,) and Perrin sequence(R,), as below:

Py s =Ppiq + Py,

P,=2P, » — Py_4 + Py,

Rnis =Rni4 + Ry,

Ry =3Py 5 + 2P, 4,

Poim=Pn 1Pm_1 + PnPy 2 + Py 2P 3,

Rn+m =P, 1Rp1 +PyRpy2 + Pn—2an73-

Also, in [2], the authors give the Binet-like-formula for Padovan and
Perrin sequences, respectively, as follows:

(=1 -1) ,
(r —r2)(n *rz)‘l

(n-D(-1)
(rs =) (r2 —13)

(n-1r-1) ,

P,= 3",
" (1 —13)(r2 —13) °

" +

Ry=n"+nr"+r15",
where ry, 1o, 13 are the roots of equation x> —x — 1 = 0 and

n+r+rs=0, nrrs=1, nr,+nrs+nrs =-1.

The Padovan hybrid sequence [14], denoted by HP,, is defined as
below:

HPn:Pn+Pn+1i+Pn+2€+Pn+3h~, (1)

where P, is the Padovan sequence.

In the light of the above-cited recent works, we define Perrin hybrid
numbers. Then, we obtain Binet-like formulas and also represent the
partial sums, generating functions and some properties of this sequence.

2. The Perrin hybrid sequences

In this section, we define a new type of hybrid number called the
Perrin hybrid numbers and get some interesting properties.
Definition 1. Let us define the Perrin hybrid sequence, denoted by

RLH), by the relation
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R;H) = Rn + Rn+1i + RrH»ZE + Rn+3h7 (2)

where (R, ) is the Perrin sequence, nis a positive integer, a, b, c € Randi, e, h
are operatorssuch thati? = —1 , ¢2 =0, ® =1 ih = —hi = e+i

From the above definition, the initial values of the Perrin hybrid
sequence are given as follows:

RY =34 2¢+3h,
R™ = 2i + 3¢+ 2h,
RY) = 2+ 3i 4 2¢ + 5h.

Theorem 1. Let n > 0 be an integer. Then the character of the Perrin
hybrid number is:

C(RY) = — 2Rp11(Rns2 +Ry).

Proof. From the definition of the Perrin sequence, we have
C(Rf) :an Jar+12 — 2Rn 1Ry — Rn+32»

Then we get

C(RY) = R2+ R, — 2RyaRez — B2,

= an + Rn+12 - 2Rn+an+2 - an - Rn+12 - ZRHRH+1
= _2Rn+1 (Rn+2 + Rn)-

Hence, the proof is completed.
Corollary 1. The norm of the Perrin hybrid sequence R is given by

R[> = 2Rps1 (Ras2 + Rasr).-

Proof. By using the definition of character and norm for hybrid
numbers, we have

‘ =V ‘C(R&H)) = \/| — 2Ry 1 (Rny2 + Rapa])-

Therefore, we have
”RSIH> HZ =2Rn;1(Rny2 +Raj1).

R

Theorem 2. Let n > 0 be an integer. Then

4
R = Z(l +irc +erg +hrd)r.
=i

Proof. From the Binet-like-formula of the Perrin sequence, we have
Ry=n"+nr"+n",

where ry, 1o, 13 are the roots of equation x> — x — 1 = 0.

Exploiting the definition of the Perrin hybrid sequence RLH), the proof
can be seen easily.
Lemma 1. Let n > 0 be an integer. Then

n
> Ri=Rus—2.
k=0

Proof. For details, see [4].
Theorem 3. Let n > 0 be an integer. Then
n
SR =R — (2+3i+ 3¢+ 5h).
k=0

Proof. It is known that ¢ R =R + R + Ry 4 ... + RD.
Thus, we obtain
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> R = (Ro + Ryi+ Roe + Rsh) +

+ (Rn + Rns1i + Ryy28 + Ruysh)
=(Ro+Ri+Ra+...+Ry)+ (Rt +Ra+ ... + Roy1 + Ro — Ro)i
+(R2+Rs3+..+Ry2+Ro+Ri —Ro—Ri)e+ (Rs +Ra + ...
+Rn3+Ro+Ry +Ry — Ry — Ry —Rx)h

n+1 n+2 n+3
= ZRk + (ZRk - >i+ (ZRk - 3>s+ (ZRk - 5>h.
k=0 k=0
Therefore, we get

ZRk

(R1 + Rai+ R3e + Rsh) +

n+5_2+(Rn+6_2_1)i+(Rn+7_2_1)€+(Rn+8_2_3)h

=Rnis+Rui6i+Rui76+Ry sh— (2+3i+4e+5h)
—(2+3i+4e+5h).

= Rn+)5

Thus, the proof is completed.

By considering some properties of Padovan hybrid sequence and
Perrin hybrid sequence, let us give the following theorem:

Theorem 4. Let n > 0 be an integer. Then
a) HP,., +HP,

=al(1+ni+rie+rh)(1+n)

h
=il +roi+rie+130)(1 +12)
= yr3(1 +r3i +r2e +13h)(1 +13),
b) Riﬁ)l +RY =14 ri+rPe+r3R)(1+1)
=131 4 rai +r2e +r3h)(1 +12)
=131 4 rsi+r2e+rah)(1 +13),
=a(1+ni+rie+rh)(1—n)
=pry(1 +r21+rze+r2h)(1 —r2)
=yri(1 +r31+rBe +r3h)(1 —13),

C) HPn+l - Hpn

d) RnJrl RﬁlH) =14+ ni+rie+rih)(1-n)
(1 +r21+r28+r h)(l —12)

E
r3(1 +r31+r38+ r3h)(1 —r3).

where

_ (rz — 1)(r3 — 1)
7(r1 —r)(r —13)

_ (r1 — 1)(r3 — 1)
7(r2 —n)(r2 —13)

_ (r1 — 1)(r2 — 1)
7(7'1 —13)(r2 —13)

Proof. By exploiting the Theorem 2, we have
HP, = ar} (1 + rii+rie +rih) + pry(1 + ryi +rae + r3h) +yrs (1 +rai
+rie+r13h),
where

_ (rz — 1)(7'3 — 1)
7("1 —1)(r —713)

_ (r1 — 1)(r3 — 1)
7(r2 —n)(r2 —13)

_ (r1 — 1)(r2 — 1)
7(7'1 —r3)(ra —13)’

Thus, we write

HPy.q + HPy =arf" (1 +ni+rie+rih)

+Ary (1 + roi + rie + r3h)
+yry (1 + i+ re +r3h)
+ary (1 4+ ri+rie+rih)
+pry(1 +rai+rie+rah)
+yr5 (1 +r3i+r3e +r3h).

According to the common factors of the right side of the equality, we
get
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HPpq + HPy =arf (1 +ni+rie+rih)(1+r)

+pry (1 +rai+rie+rah) (1 +rs)
+rr3(L+rsi+rie+r3h)(1+13),

which is desired. So the proof is completed. The others can be proved by
similar manner.
In [1], the complex, hyperbolic and dual units are given as

il 0 1 £ o 1 1 Cho 01
-1 0o’ 1 1 0f
For matrix representation of Perrin hybrid numbers, with n € N, is
obtained as:

10 0 1 1 -1 01
REIH):R"|:O 1:|+Rn+1|:71 O:| +Rn+2|:1 71}+Rn+3|:1 0:|

Thus, we have

R(H) — Rn + Rn+2 Rn+l
" _Rn+l + Rn

R Rn+2

- Rn+2 + Rn+3 :|

Let us take ag,a;,as,... are real numbers.

Then, the function

sequence, where ag,,..

h(x) =ao + a1 x + ax® + ... + X" + ...

is called the generating function for the sequence a,. If we want to write
the generating function for finite sequence ag, @1, a2, ..., a, where a; =
0 for i > n, that is;

h(x) = ap + a1 x + axx® + ... + ax".

Here, we will use generating functions as above:

1
1-—ax

=1 +ax+? + ... +ax" :Za"x“,

n=0
where a, is real number for each n € N.
Theorem 5. The generating function for Perrin hybrid sequence R is

> R =

n=0

R '+ RPx + (— 1+ 3i+ 2h)x
17x27x3

Proof. Suppose that the generating function of the Perrin hybrid
sequence R® has the form

g0 = S ORIy = R 4 R 1 R 4 R 4

n=0

Then we have

x2g(x) =Rx* + Rx® + R{x* + R x®
and
x3g(x) =R¥x® + RMx* + RPx® + RMxS +

Thus, we obtain

8(x) —x?g(x) —xg(x) = (R +RMx+ RMx2 + Ry 4 )
(R x*+ R + R x* + R )
( )53+ RMx* 4+ R x +R§H)x6+--->
— (RE" +R{"x ) (R;H>ngﬂ)xu(Rg“LRg”LRgM)xu.”
(R )x + -

We deduce that
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g(x) ~x*g(x) ~x°g(x) =Ry + R"x + (R — Ry ).

Thus, we get

g() (1 —x®—x%) =Ry +RPx + (i+e +h)x®

Therefore, we have

o RO HRYx+ (i+e+h)x?
E R,/x" =
1—x2—x3

n=0

Taking into account the Padovan numbers, Morales [5] has defined
the following sequences:

Q.=P,+P_,
and
Qn:Pn 7P—m

where n > 0 is an integer and P_, = — P_(;_1) + P_(p_3).
Additionally, the author gives the following table:

n 1 2 3 4 5 6 7 8 9 10 11 12
P, 1 1 2 2 3 4 5 7 9 12 16 21
P_, 0 1 0 0 1 -1 1 0 -1 2 -2 1

Here, by following the same method, let us consider the Perrin
numbers as below:

n 1 2 3 4 5 6 7 8 9 10 11 12
R, 0 2 3 2 5 5 7 10 12 17 22 39
R, -1 1 2 -3 4 -2 -1 5 -7 6 -1 -6
H (H
Now we define the new sequences Qn Q’< ) ,(IH) and T ( ).
q n

Definition 2. Let n > 0 be an integer. Let us deﬁne

/ (H)
Q=P +P%, Q,

H H
PSI ) P(fn)
and

T R  RE T _ gt _ g

S
where

P =P 4+ P (h1)i+P_(ni2e +P_(my3)h
and

R<,H> =R ,+ R,(,Hl)l' + R,(,Hz)E + R,(,H?,)h.

n

According to these new sequences, we can give the following table for

the first terms of sequencesP , Pt ) Q andQ

n 1 2 3 4 5

P 1 410 +2¢ + 14242+ 2+42i+3e+ 2+ 3i+4e+ 3+ 4i+5e+
2h 3h 4h 5h 7h

p® i 1+h e—h i—e+h 1-ite

-n

QY 1+ 2i+2 + 2+2i+ 2+ 2+42i+4e+ 2+ 4i+3e+ 443if6e+
2h 4h 3h 6h 7h

QW 1+ 2¢ +2h 20+ 2e+2h 242042+ 2420+ 5et 24 5it 4+

" 5h 4h 7h
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As an example, for n = 2, we have

P =P 4P 4i+P e+P sh=1+0i+0e+h=1+h
Additionally, one can find the following table for the first terms of

sequences R, RM) T and T,LH)

n 1 2 3 4 5
R 2i+3e+2h 24 3i+ 2+ 3+ 2i+ 56+ 2+ 5i+ 5+ 7h 5+ 5i+ 7e+
5h 5h 10h
R") —1+it+2e— 14+2i—3e+ 2—-3i—4e— —3+4i—2¢— 4-2i—¢+5h
3h 4h 2h h
T —1+3i+56—-3+5i—e+ 5-—it+e+3h —1+9i+3e+ 9+ 3i+6e+
h Sh 6h 15h
T(H 1+i+e+5h 2+i+5¢+h 1+5i+9¢+ 5—i+7¢+8h 1+ 7i+ 8+
7h 5h

Forn = 1, we have

R"M=R,+R,i+Rse+R h=-1+i+2e—3h

Theorem 6. Let n > 0 be an integer. Then

(1) HPyyy = QY + Q") — Q)
@ R =1+ T - T

Proof. Let n > 0.be an integer. By definition of Qi , we have
Q) =HP, + HP_,, Q") = HP, 1 +HP 5 1)
and

(H)
QY =HP, 5 +HP (3.
Thus, we get
QY+ QY ~ Qs = [(Pa+ PaiaictPasae+Paish)

+
+(P_n +P—(n+1)i+p—(n+2)8+P—(n+3)h)]
+

[(Pacs+Paict Pay1+-Pa )+ (P-not) +Pni+Pin 16 +P-ni2)h) |
— [(Pn—S +Pn—2i+Pn—1€+Pnh)]
[(P-i-P 2+ Pr1+P_no1)) — (n3+P(n3)}
+[(P +P_p)+ (Poc1 +P_(n-1)) — (Pa—s +P_(n-3) ]i
+[ n+P_n)+ (Poo1 +P_(n1y) — ( n— 3+P—(n—3))}8
|

(P
(Pn"!‘P—n) + (Pnfl +P—(n—1)) - (Pn—?a +P7(n73) )] h.

Therefore, we have

QY + Q¥ — Q™) = (Qu+ Q1 — Qus) + (Quar + Qu — Qua)i

+(Qns2 + Qi1 — Quo1)€e + (Quis + Quiz — Qu)h.
Then, we get

Q,(IH> + (}i)l - QilH)g, = Pny1 + Pnyai+ Poy3e + Poysh = n+1

Thus, the proof is completed.
By similar way, one can prove that

H H
R =T 4 10, — 18,
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3. Conclusion

Recently, a new numeric set was defined, by Ozdemir in [1], called as
hybrid number, which brings together three numerical systems: complex,
hyperbolic and dual numbers. Motivated by the work [1] and based on the
importance of this system, we apply the definition of hybrid numbers to
Perrin numbers and introduce Perrin hybrid numbers and examine some
properties of them. Additionally, we give a Maple 13 source code to get them.
restart:
with(LinearAlgebra) :with(linalg) :
n:= —:

R:=proc(n)

if n=0 then

return 3:

elifn=1 then

return O0:

elif n=2 then

return 2:

elif n=3 then

return 3:

else

return R(n—2)+R(n—-3)
end if;

end proc;

R(n):

R: = proc(n)

if n=0 then return 3
elifn=1 then return 0
elif n =2 then return 2
elif n=3 then return 3
else return R(n—-2) + R(n—3)
end if

end proc

Ry :=Rn+ Rys1i+ Rui2e+ Russh
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